Introduction {#Sec1}
============

One of the intriguing phenomena of quantum electrodynamics is the emergence of the Lamb shift, which was first discovered by Lamb in 1947^[@CR1]^, corresponding to the energy difference between 2S~1/2~ and 2P~1/2~ levels of a hydrogen atom. The understanding of such a shift opened up a new chapter of physics now known as quantum field theory, bringing in a concept that quantum vacuum must be treated as a zero-point state of numerous harmonic oscillators (photon modes), and quantum fluctuations allow both real and virtual processes to have physical effects. This perspective of quantum vacuum also plays an essential role in various scenarios such as spontaneous decay emission, squeezed vacuum states^[@CR2],[@CR3]^, and the Casimir effect^[@CR4]--[@CR6]^. Recently, resonant dipole-dipole interaction (RDDI) mediated via exchange of virtual photons between multiple atoms has become one of the most interesting topics in, for instance, light scattering^[@CR7]--[@CR9]^ and coherent excitation transfer^[@CR10],[@CR11]^ in atomic ensembles or structured arrays, atomic clocks^[@CR12]^, topological quantum optics^[@CR13]^, and quantum information processing^[@CR14]^. Such RDDI results in the collective version of Lamb shift, sometimes also termed the cooperative Lamb shift (CLS) due to its close connection to cooperative phenomena such as super- and subradiance^[@CR15]--[@CR17]^. For past few years, CLS regarding atomic systems have been experimentally demonstrated and studied in atomic clouds^[@CR18]--[@CR20]^, nano-layer gases^[@CR21],[@CR22]^, ensembles of nuclei^[@CR23]^, and trapped ions^[@CR24]^. Main challenges of observing CLS in atomic systems originate from vacuum mediated coupling weakened very fast as separation increases in 3D space. In order to probe the shift, ideally atoms must be placed at a distance comparable to the transition wavelength, or inside cavities or waveguides where field can be confined or directed, thus enhancing the interaction strength. Such consideration suggests that the circuit quantum electrodynamical (circuit QED, or cQED) systems are a perfect test bed for observing cooperative phenomena.

Circuit QED systems deal with artificial atoms coupled on-chip through waveguides. They are more easily fabricated to achieve the strong coupling or the superradiant regime compared to the atomic counterpart^[@CR25]^, and have been used extensively to study the Tavis-Cummings model^[@CR26]^, dipole-dipole coupling^[@CR27]^, photon-ensemble interaction, super- and subradiance^[@CR28]--[@CR32]^, and quantum information oriented applications^[@CR33],[@CR34]^. Up to present, the observation of CLS in cQED systems is still scarce except for a 2013 experiment^[@CR29]^, where two superconducting qubits are both pumped in a 1D open waveguide, resulting in collective decay linewidth larger than the shift, seriously degrading the visibility of CLS. In order to resolve the tip shift from two very broad peaks, enormous times of data acquisition are required for a sufficient confidence level. Another way to look at the RDDI has been demonstrated in recent experiments with a few Rydberg atoms parted by a sub-wavelength distance with exchange interaction also in the microwave domain^[@CR11],[@CR35]^. But instead of probing the CLS, they have measured Rabi-like excitation transfer between atoms, which demands both spatial and time-domain resolutions. In this work, we theoretically study the emergence of CLS by simply arranging a series of transmon qubits in front of a mirror, and probing for their reflection spectrum. Such arrangement has been realised with trapped atomic ions^[@CR36]^ and superconducting qubits^[@CR37],[@CR38]^, where the incident field is interfered with the reflected one, forming a standing wave. In the recent experiment^[@CR38]^, we place one qubit at the antinode mirror while others at nodes with respect to their transition wavelength as shown in Fig. [1](#Fig1){ref-type="fig"}. This configuration is also closely connected to the nested structure of the giant atom proposal^[@CR39]^. Interestingly, when a resonant field is fed from the open end, those node qubits seem to be decoupled from the probe and supposedly have no effect on the antinode qubit's spectral profile through real photon exchange. This is however not the entire story because one neglects contributions from the whole range of vacuum modes that mediate RDDI without exchanging real photons. The advantage of insertion of a mirror is to introduce destructive interference that suppresses the collective decay linewidth, hence improving the visibility of the CLS. This distinguishes our scheme from open transmission line experiments whose measurement resolution is usually poor.Figure 1Architecture of the 1D array of transmon qubits coupled through a microwave waveguide, whose one end is terminated by a large capacitor at $\documentclass[12pt]{minimal}
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                \begin{document}$$x=0$$\end{document}$, effectively serving as an antinode mirror. The probe field is fed from the other end of the waveguide, coherently superposes with the reflected field, forming a standing wave. When other qubits are placed at the nodes, they do not directly interact with probe photons. However, the qubits can still couple to other vacuum modes of continuous spectrum, mediating the RDDI only through virtual processes.

This work is devoted to thorough theoretical investigation from the fundamental theory to realistic experimental consideration^[@CR38]^ such as dephasing and power broadening, as well as providing future guidance for scaling up the system and shift. In the following, we will presents an RDDI model based on a master-equation approach for our cQED system of a half-infinite waveguide. We will discuss the reflection spectral profiles and emergence of CLS associated with a two-qubit system, where the dephasing and power broadening effects will be studied to reflect the situations with real transmon artificial atoms. Finally, we will examine the scaling law of the CLS when more qubits are involved, for which we present an effective reduced scheme for both qualitative and quantitative explanations.

Results {#Sec2}
=======

Dipole-dipole interaction and the master equation {#Sec3}
-------------------------------------------------

We consider a linear chain of *N* transmon qubits coupled to a common 1D waveguide whose one end is terminated by a very large capacitor. This amounts to setting the end as an antinode mirror regarding standing waves of this architecture. Different from a discrete spectrum in a cavity case with two mirrors, our system has a continuum of photon modes. The Hamiltonian describing this system can be written as $\documentclass[12pt]{minimal}
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In this master equation, we have explicitly included a continuous-wave probe field incident from the other end of the waveguide with a detuning $\documentclass[12pt]{minimal}
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Here are a few remarks regarding the forms of Eqs. ([2](#Equ2){ref-type=""}) and ([3](#Equ3){ref-type=""}). First, for an open waveguide without a mirror, it can be proven that the dipole-dipole interaction between the *i*th and *j*th qubits depends only on the relative distance $\documentclass[12pt]{minimal}
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Reflection spectrum for two atoms {#Sec4}
---------------------------------

In order to probe the CLS configuration, we feed the probe signal from and acquire its reflection spectrum on the open end. Following the derivation summarised in the Methods section, we have the reflection amplitude$$\documentclass[12pt]{minimal}
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We start with discussion for the simplest case of two identical qubits, who share the same frequency and bare decay rate, $\documentclass[12pt]{minimal}
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A remarkable feature from examining Eq. ([7](#Equ7){ref-type=""}) is that the linewidth of the dips is about $\documentclass[12pt]{minimal}
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Dephasing and power broadening {#Sec5}
------------------------------

We now examine the effect of dephasing on the splitting feature. Intuitively speaking, dephasing usually introduces broadening that degrades the quantum effects from being observed. In our case, it is however the individual dephasing, especially that of the mirror qubit, that makes the splitting visible. If we take $\documentclass[12pt]{minimal}
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In real experiments^[@CR38]^, this maximum is always smaller than unity, reflecting the presence of dephasing mechanisms on the 2nd qubit. We find that $\documentclass[12pt]{minimal}
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Next, we discuss the cases when the probe power increases, where the effective-Hamiltonian approach breaks down at some point due to significant population in upper levels. By full density matrix calculation and inclusion of anharmonicity of the third level of the transmons, a power dependent reflection spectrum is shown in Fig. [4(a)](#Fig4){ref-type="fig"}. Here we have plugged in typical parameters as in the experiment^[@CR38]^ with $\documentclass[12pt]{minimal}
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As a comparison, we also plot the cases with zero dephasing $\documentclass[12pt]{minimal}
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Multi-atom cases {#Sec6}
----------------

We now consider multi-atom cases with $\documentclass[12pt]{minimal}
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Conclusion {#Sec7}
==========

In summary, we have studied the dipole-dipole interaction between artificial atoms mediated by 1D vacuum modes in a waveguide. Setting one end of the waveguide to be a mirror, we can probe the collective Lamb shift by studying the reflection spectrum. When a qubit is placed at the node, we isolate it from coupling to other qubits through the resonant field. Instead, the exchange interaction remains effective via virtual photons, causing the collective Lamb splitting between symmetric and antisymmetric levels that can now be clearly visible by means of a very simple reflection measurement.

Our calculation highly agrees with the recent experimental results^[@CR38]^. We have derived the master equation to describe general cases and given analytical expressions for certain circumstances. We have also investigated the effects of dephasing, power of probing, and the scaling law when more qubits are added. For special cases with many qubits placed only at antinodes and nodes, we have developed a reduced scheme under the weak field approximation, and explained the scaling behaviour.

For future outlook, we find close connection of our findings to recent work^[@CR39],[@CR45]^, where atoms are considered large compared to the transition wavelength, and thought to have multiple chances of interaction before the field leaves. We expect similar analysis for some interesting interference effects, and our results can be very useful for quantum optical study and quantum simulation.

Methods {#Sec8}
=======
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Here we have used the fact that the field operator can be expressed in terms of the slowly-varying amplitude $\documentclass[12pt]{minimal}
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